Let x 1 , . . . , x d be indeterminates over an infinite field F , let R denote the polynomial ring F [x 1 , . . . , x d ], and let M denote the maximal ideal (x 1 , . . . , x d )R. If I is an M -primary ideal the Hilbert polynomial
properties is stable. Thus, I is stable if and only if I = I and e 2 (I) = 0. Stable ideals are e 1 -ideals, but it is shown in [HJL, Example 5.4 ] that there exist e 1 -ideals I for which e 2 (I) > 0. We are interested in a better understanding of the features of e 1 -ideals and the distinguishing aspects between e 1 -ideals and the more restrictive subset of stable ideals.
Our purpose in this paper is:
(1) to present examples of first coefficient and stable ideals in dimension 2, (2) to compare the description of the coefficient ideals given by Shah in [S1, Theorems 2 and 3] with that given in [HJLS, Theorem 3.17] involving the blowup of I, (3) to present examples of coefficient ideals in higher dimensions, (4) to present two results on the existence of stable ideals in dimension 2, and to prove the e 1 -closure of certain monomial ideals in dimension 2 are stable ideals.
In particular, in connection with (3) we present in more detail and with typographical corrections [HJLS, Example 3.22 ] that establishes the existence of examples of ideals I in dimension d such that for all sufficiently large positive integers n one has
and thus gives examples where all the associated coefficient ideals are distinct. Also in Section 3 we use a suggestion made to us by Karen Smith to observe that if I is a monomial M -primary ideal, then all the associated coefficient ideals I {k} of I are monomial ideals.
Examples of coefficient ideals in dimension 2.
Let x and y be indeterminates over the field F , let R = F [x, y], and let M = (x, y)R. The following examples illustrate the associated coefficient ideals of various ideals I:
Consider the ideal I = (x 6 , x 2 y 4 , y 6 )R. 2. Passing from an ideal to its coefficient ideals.
Let R be a d-dimensional Noetherian quasi-unmixed local ring, and let I be an ideal primary for the maximal ideal of R. Kishor Shah has shown that one way to attain all the coefficient ideals of I is as follows: For each integer k in {1, 2, . . . , d}:
where n varies over the positive integers and B varies over all the k-element subsets of sets of d generators of minimal reductions of I n .
In particular, if I is such that I and all its powers are Ratliff-Rush, i.e., G(I) has positive depth, then taking a minimal reduction q of I and considering (I n+1 : q n ) does not give us more than I, for the image of q n in the n-th graded piece I n /I n+1 of G(I) contains a regular element of G(I).
Let us see how Shah's description of the coefficient ideals gives the same results as the description given in [HJLS] involving the blowup of I. The description of the coefficient ideals given in [HJLS, Theorem 3.17] form a regular sequence G(I). Thus, for any k-element subset B of C, the prime Q cannot contain every b for b ∈ B (for otherwise ht(Q) ≥ k). Taking preimage in the Rees algebra, there is some
In other words, the union of Shah's description is contained in the intersection of [HJLS] .
For the reverse inclusion, given an element in the intersection of [HJLS] , we must find a set B of the kind described by Shah so that (I n+1 : B) contains that element. In the Rees algebra R[It],
where each
Q j is homogeneous. For each k = 1, . . . , d, let J k denote the intersection of those Q j of which the radical has height at least k + 1. Applying the "refined generalized prime avoidance lemma"
, we see that we can find, for some positive
It follows that all minimal primes of (I,
have height at least k + 1. Suppose f is in the intersection of [HJLS] , i.e., f in R is also in
is in the degree-N piece so that
The Hilbert polynomial
gives the Hilbert function for all positive integers n, but not for n = 0, i.e., the postulation number of I is zero (as this term is used in [M] ).
To find these coefficient ideals of I we examine the blowup of I. Dividing by x 6 , we have the affine piece
. Both of these assertions were checked by using Macaulay: The ring R (2,x) x has depth 2 (i.e., the maximal ideal is not an associated prime of a principal ideal), and R
is a complete intersection.
In this case R y = R (2,y) y (again, by Macaulay, it has depth 2), and R
(1)
Thus, I {2} is the intersection of the contractions of the extensions of I to R (2)
y and R
x . It is clear that this intersection contains x 4 y 2 z 2 and that the blowup of (I, x 4 y 2 z 2 )R has these rings as its affine pieces; checking that (I, x 4 y 2 z 2 )R is Ratliff-Rush, we conclude that it is I {2} . Similarly for I {1} .
Interlude 3.1. We thought at first that I {1} was the ideal (I, x 4 y 2 , x 4 z 2 , x 2 y 2 z 2 )R -we missed some of the contraction from the affine pieces of the model -so we wanted to show that this ideal is Ratliff-Rush. Eureka! After 8.5 hours of Macaulay run we obtained this verification by computing that the depth of the Rees algebra of this ideal is 3. Hence by [HM] the depth of the form ring with respect to this ideal is 2.
The verification that this ideal is Ratliff-Rush using Macaulay turned out to be very time-and memory-consuming; so we were led to seek a simplifying approach. We note the following: The generators of this ideal are all in the subring A = F [x 2 , y 2 , z 2 ] of B = F [x, y, z], and B is free over A. Let J denote the A-ideal generated by x 6 , y 6 , z 6 , x 2 y 4 , x 4 y 2 , x 2 z 4 , x 4 z 2 , x 2 y 2 z 2 . Then the ideal above is JB, and J is an ideal generated in degree 3 in the polynomial ring A. Since the form ring of B with respect to JB is free over the form ring of A with respect to J, if we show that the latter form ring has positive depth, then so has the former, so that all powers of JB are Ratliff-Rush. Thus, we set Macaulay to computing the projective dimension of the Rees algebra of (x 3 , y 3 , z 3 , xy 2 , x 2 y, xz 2 , x 2 z, xyz)B. But even this turned out to challenge Macaulay. Let R = F [x, y, z]. The ideal I = (x 4 , y 4 , z 4 , x 2 y 2 z 2 , x 3 y 3 z, x 3 yz 3 )R was pointed out to us by Les Reid to be an example of a monomial ideal that is 6-generated but has 7 corner elements. Is this property of the ideal I reflected in some way in the associated coefficient ideals of I?
Example 3.22 of [HJLS] revisited. Let F be an infinite field and let x, y 2 , . . . , y d be indeter-
To see that, for k in {1, . . . , d − 1}, we have S (k+1,xS) < S (k,xS) , we note that the product of x Moreover, since the extensions of the affine piece of the blowup of I as described in [HJLS] are distinct, it follows that, for sufficiently high powers of I, the contractions of these powers from the various extensions of the blowup are distinct; i.e., for n sufficiently large,
In fact, we believe that these strict inclusions hold for n = 1. 
To show I {k} is a monomial ideal it suffices to show φ a (I {k} ) = I {k} for each a = (a 1 , . . . , a d ). By assumption I = (f 1 , . . . , f n )R, where
Then φ a naturally extends to an F -automorphism of R i which we continue to call φ a , and IR i = f i R i is mapped to itself under φ a . The invariance of f i R i under φ a implies that the union of the associated primes of f i R i of height at most k in R i is mapped onto itself under φ a . Therefore φ a extends to an automorphism of the localization T ik of R i at the complement of the union of the associated primes of f i R i of height at most k. It follows that f i T ik ∩ R is mapped onto itself by φ a . By [HJLS, Theorem 3.17] ,
Therefore the ideal I {k} is mapped onto itself by φ a , so I {k} is a monomial ideal.
Stable ideals in dimension 2.
Let us examine with R = F [x, y] what ideals between I = (x n , y n ) and its integral closure I = (x, y) n R are stable. The following two results show that many of these ideals are stable:
Result 4.1. Let a, b be a minimal reduction of the height-2 ideal A in the ring R, and n be a positive integer; set I = (a n , b n ). Then I is a minimal reduction of A n ; suppose the reduction number is 1, i.e., IA n = A 2n . Then for every nonnegative integer j we have IA n+j = A 2n+j . Set J = I + A n+i+1 for a positive integer i; then we have
i.e., J is stable. Moreover, for each ideal
where we have used A n+2i ⊆ J.
Result 4.2. Again, let R be a ring. Let a, b be a R-sequence, and m, n be positive integers; and set I = (a m , b n ). Then for any ideal J contained in a m/2 b n/2 R, the sum I + J is stable. For, (a m/2 b n/2 ) 2 ∈ I 2 , so J 2 ⊆ I 2 , so (I + J) 2 = I 2 + IJ + J 2 ⊆ I 2 + IJ = I(I + J).
Applying these paragraphs to x, y in F [x, y], we see that: (1) for any integer n ≥ 2, we can find stable ideals I between (x n , y n )R and (x, y) n R such that e 0 (I) = n 2 and e 2 (I) = 0 (both necessarily) and e 1 (I) is any integer from 0 to (n − 2)(n − 1)/2; and (2) for any positive integers m, n, we can find stable ideals I between (x m , y n )R and its integral closure with e 0 (I) = mn, e 2 (I) = 0 (again, both necessarily) and e 1 (I) is any integer from 0 to m 2 n 2 .
In (4.3) we prove that the e 1 -closure of certain monomial ideals are stable. This shows that examples such as [HJL, Example 5.4 ] are of necessity not generated by monomials.
Observation 4.3. Let R = F [x, y] where x and y are indeterminates over the infinite field F , let m and n be positive integers and suppose I is a monomial ideal of R integral over (x m , y n )R.
We show that the e 1 -closure J of I is stable. By [HJLS, Theorem 3.17 ] (see also [HJL, (3. 2)], It follows that (J 3 : x m y n ) = J. To show that J is stable, it suffices to show that J 2 ⊆ (x m , y n )J.
The Briancon-Skoda Theorem [LS, Theorem 1] implies J 2 ⊆ (x m , y n )R. By (3.3), the ideal J is a monomial ideal. Let a ∈ J 2 with a a monomial. Then a ∈ (x m , y n )R implies either a ∈ x m R or a ∈ y n R. Suppose a = x m b with b ∈ R. Then b ∈ (J 2 : x m ) ⊆ (J 3 : x m y n ) = J which means a ∈ (x m , y n )J. A similar arguement applies in case a ∈ y n R. Therefore J is stable.
